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L A M I N A R  M A G N E T O H Y D R O D Y N A M I C  B O U N D A R Y - L A Y E R  

G. V.  F i l i p p o v  a n d  V.  G. S h a k h o v  

E Q U A T I O N S  

Se l f - s imi la r  solutions of th ree -d imens iona l  boundary- l aye r  equations of an incompres -  
s ible fluid in ord inary  hydrodynamics were considered in [1-3] et al .  The presen t  work 
looks for s e l f - s i m i l a r  solutions of th ree-d imens iona l  magnetohydrodynamic boundary-  
l aye r  equations. 

1. Fundamental  Equations. The task is to de termine  a sys tem of different ial  equations and condi- 
t ions for " s e l f - s i m i l a r "  motions of an incompress ib le  gas in a r b i t r a r y  orthogonal curv i l inear  coordinates  
~-, 5, and ~. 

The surface over which the boundary l aye r  flows is defined by the condition ~=0 where ~ is  the d i s -  
tance measured  along the normal to this surface .  Two famil ies  of coordinate curves  ~-=const and 5=const, 
orthogonal to each other, are  si tuated on the surface ~=0. 

The element of length ds in this coordinate sys tem is defined by the equation 

ds 2 = ha2d.~2 + h2:d6 2 + d~ 2 (1.1) 

where hi and h2 are  the Lame coefficients.  

Usually it is  assumed that hi and h z are  functions of ~- and 5 only in the boundary l ayer .  This a s sump-  
tion is valid if the curvature  of the surface does not vary  sharply and if the local  thickness of the boundary-  
l aye r  is  small  compared with the pr inciple  radius  of curvature  of the surface.  

The equations of motion for an incompress ib le  gas in the boundary l aye r  when the magnetic field in-  
duced by the e lec t r i c  cur ren t s  in the fluid are  negligibly smal l  compared with the applied magnetic field 
have the form [4]  
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Here x~ and %2 are  the geodesic cu rva tu re s  of the l ines  ~-= const  and 5=const ,  and u, v, and w are  
the veloci ty components  in the d i rec t ions  of the coordinate  axes % 5, and ~, r espec t ive ly .  

The boundary  condit ions have the fo rm 

edge 

a = v = w = 0  for ~ = 0 ,  u----~U, v - + V  as ~ - ~ c ~ .  (1.6) 

The quant i t ies  3p/3~- and ~p/06 in (1.2) and (1.3) are  de te rmined  by the flow at the b o u n d a r y - l a y e r  

U a u  V oU ~ ap mU (1.7) 
hi ~ + h~ 06 n2UV + xlV~ ~ ph~ O~ 

U OV V OV •  ~= t Op mV 
h~ a v + h2 05 O/2~ 06 (1.8) 

(~ = ~Bo' / p) �9 

Using (1.7) and (1.8) to e l imina te  the p r e s s u r e  f rom s y s t e m  (1.2)-(1.4)  we obtain 

u Ou v Ou + au 
a~ aT +~ ~ 2  a~ w - y (  - -  • + •  ~ = 

__ ~u aua~ ~-' h~v aua~ m U V  + n~V 2 + v ~ - -  m ( u - -  U) (1.9) 

u Ov v Ov Ov 
~ a~ + ~ -$5- + w --~ - -  • + • 2 = 

a"-v " - -  V" ( I . i 0 )  __F~(._~_+_ u av h2V ofoV _ u~UV + • 2 + v ~ - -  m (v ) 

a (h~u)~ + o (h,v)a5 -- ~" ~ = O. (1.11) 

For  s e l f - s i m i l a r  fluid mot ions  the respec t ive  ve loc i ty -component  prof i les  at d i f ferent  points of the 
sur face  differ  in scale  only. Here the ve loc i t ies  of the s e l f - s i m i l a r  boundary  l aye r  may be r e p r e s e n t e d  
in the fo rm 

(1.13)  
v (~, 6, ~) ---- V (v, 6) D' 01). 

Here �9 07) and D (V) a re  some funct ions of the va r i ab le  ~? and g (T, 6) is some funct ion of the coord i -  
na tes  r and 6. When (1.6) is  taken into account it follows f rom (1.11) that 

. _ • 0  
(hlV) 1) 0 In g 

T - -  + A~V T (~ID' - -  D)]. 

~) 

(1.14) 

When (1.12)-(1.14)  a re  i n se r t ed  in (1.10) it may be t r a n s f o r m e d  to the following 

a.,,, + (G - c ~ -  c~) ~ r  + ( c ~ - c .  - c~) DO~" + (c~-cD(D'o~ '  - I )  
- c l  ( q ) , 2  _ 1 )  - G o  ( D ' ~  - -  1 )  - -  G1 (~ '  - -  1 )  = 0 .  

D ' " +  (Ca - -  C5 - -  Cv) (:I)D"+ (C4 --  C~ - -  Cs) DD" +(C7- C3) ((I:)'D'--i) 
- c 9 ( ~  '2 - 1 )  - G ( D ' ~  - -  t )  - -  G ~  ( D '  - -  1 )  = 0 .  

(1.15) 

(1.16) 
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Here  

t au Ca = v o u  u ov 
CI  = h~g ~ 0"r ' Uh~g ~ 0 6 ,  C a ~ Vhlg 2 6T, ' 

i aV C 5 =  U O l n g  C ~  V a l n g  
Cr ~ h~g 2 08 ' hlg ~ O'~ ' ~ T  ) 

x~b" • • ~ x~V~ m CT=--UT, Cs=-U-, Cg=-VU-, C~o=-~, C~=7c. 

The bounda ry  condi t ions  for  (1.15) and (1.16) a r e  

(1.17) 

( I ) = D = q ) ' - - D ' = O  for ~q=O,  ( I ) ' -+ t ,  D ' - + i  for Tl~oo. (1.18) 

F o r  each c o n c r e t e  coord ina te  s y s t e m  (% 6, [) h 1 and h 2 and consequen t ly  n l  and ~2 a r e  known func-  
t i ons .  Equat ion (1.17) m a y  then be inves t iga ted  and p o s s i b l e  d i s t r i b u t i o n s  of the funct ions U (% 6), 
V (T, 5), g (% 5) and m (T, 5) fo r  s e l f - s i m i l a r  so lu t ions  obta ined.  

Since hl=h 2 =1 and ~1=~r for  a C a r t e s i a n  coord ina t e  s y s t e m  it fol lows f r o m  (1 .15)- (1 .17)  (making 
the subs t i tu t ion  ~- - x and 5 -= z) that  

qb'" - -  C1 ~''~ + (C1 - -  Cs)  r  + (C~ - -  C6) D c D "  - -  C 2 D ' ~ '  - -  C n ~ '  

+ C1 -4- C~ + Cn = O, 

D " '  - -  CAD" -k (Ca - -  C6) D D "  -{-- (C~ - -  C5) cl)D" - -  C3D'~ '  - -  C ~ D '  
+ C ~  + C a + C n  = O, 

(1.19) 

(i .20) 

w h e r e  i ou C 2 ~  v ou u ov i ov 
C ~ =  g~ o~: -O-~-~g-Fz C 8 =  C ~ =  , ' Vg 2 o~ ' ~ - - ~ - '  

V 0 I n g  m U Olaz C s =  g - ~ - - - ,  C a l = - ' ~ - .  
C 5 -  g~ ox ' Oz (1.21) 

Boundary  cond i t ions  for  r and D have the f o r m  of ( t .  18). 

Sys tem (1.19) and (1.20) will  be a s y s t e m  of o r d i n a r y  d i f f e r en t i a l  equat ions  in ~ (the " s e l f - s i m i l a r -  
i ty"  condit ion) if C i ( i= l ,  2 . . . . .  6, 11) a r e  cons tan t s .  

When Cl l=0 Equat ions  (1 .19)- (1 .21)  d e s c r i b e  s e l f - s i m i l a r  so lu t ions  in the  a bse nc e  of a magne t i c  
f ie ld  [1-3].  It fol lows f r o m  (1.21) that  if the d i s t r i b u t i o n s  of U, V, and g a r e  known then the d i s t r i bu t i on  
of m may  be found d i r e c t l y  f r o m  (1.21) 

m = Cng  ~. (1o22) 

As expla ined  in [1-3] four  ways  can be given fo r  spec i fy ing  the funct ions  U, V, g, and m: 

f i r s t  

U ~ ae nx~z-t,~ V ~ ben:~z t, g2 ~ ~m ~ --if-ca 7"V ~ cU; (1.23) 

second 

U ~ a x n z  l-1, V ~ b x n - l z  l, g2 m cU ca V . (1.24) 

t h i rd  

2 m cU U = ax", V = bx z, g = ~ = - 7 -  : (1.25) 
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fourth 

U ~ aenx, V == be z~, g2 m cU, 

a, b, c, l, n~const .  (1.26) 

A s y m m e t r i c a l  exchange of the independent  va r i ab l e s  leads to four addit ional va r i a n t s .  

It was shown in [3] that the ways of specifying the funct ions U and V given above a re  not acceptable  
for all values  of the cons tants  a, b, t ,  and no The genera l i za t ion  to the constants  c and C n  when the func-  
t ion m is  specif ied is obvious.  

It should be noted that Equations (1.19)-(1.21) are  also wr i t ten  in a s i m i l a r  manne r  in a skew co-  
ordinate  s y s t e m  [2], in which, consequent ly ,  all that has been  said above r e m a i n s  valid.  

2. Condit ions for s e l f - s i m i l a r i t y  of the t e m p e r a t u r e  prof i les .  These equat ions may be de te rmined  
f rom the b o u n d a r y - l a y e r  energy  equation in magnetohydrodynamics ,  on the assumpt ion  that the t h e r m o -  
dynamic  p rope r t i e s  of the fluid a re  constant  [4] 

( oT oT or} o,r , F(O~? ( ~ ? l  (2.1) 

Here T is the t e m p e r a t u r e  in the boundary  l a y e r ;  Cp is the specific heat at constant  p r e s s u r e ;  k is 
the the rmal  conduct ivi ty .  

The s e l f - s i m i l a r i t y  condit ion has the fo rm [2] 

T -- Too T -- Too 

OO]) ~" T w -  T ~  - -  - T .  (T ,  : T w - - T ~ ) "  (2 .2)  

Here T o is the t e m p e r a t u r e  of the onflowing s t r e a m ;  T w (x, z) is the t e m p e r a t u r e  of the sur face .  
Inse r t ing  (1.12)-(1.14)  and (2.2) in (2.1) we obtain 

O " - - C  ' C ' i 2 ~  O-- iaD 0 ~- P (C 1 - -  C5) (DO' + P (Ca - -  C6) DO' + 

- t -C  ~ "  C n"~ " 14 -~- 15--  -~- Cll (C14(I) ' '  -~ Ct5 .~ ' :  ) = O, 

P V  O l n T .  P U  s P V  z PU 0 In T .  Cia - -  Ci4 --  Ci5 : 
Ci~ g~ Ox ' g~ Oz ' cpT.  ' cvT * ' 

(2.3) 

(2.4) 

Here P is  the Prandt l  number .  

The boundary  condi t ions  for 0 have the fo rm 

0 = 1 for vl=0; 0 - + 0  for ,q=cr (2.5) 

In o rde r  for (2.3) to be an o rd ina ry  d i f ferent ia l  equation the coeff icients  C ~ - C  15 mus t  be cons tants .  
With this condit ion it follows f rom compar i son  of the coeff icients  CI4 and C15 that U is propor t ional  to V, 
i .e~  s t r e a m  l ines  of the ma in  flow are  s t ra ight .  This  fact s t rongly  l imi t s  the c lass  of functions U and 
V as well as m for  which s e l f - s i m i l a r  t e m p e r a t u r e  prof i les  a r e  poss ib le .  A s i m i l a r  r e su l t  is  obtained in 
[2] for  m=0.  

If we follow [2] and do not allow for  v iscous  and Joule heating, the r e s t r i c t i o n s  imposed by the coef-  
f ic ients  C14 and Ci5 may be neglected and all the conclus ions  drawn in [2] also r e m a i n  valid in the case under  
cons idera t ion .  

Thus if we a s s u m e  that T ,=cons t ,  then Eq. (2.3) a s s u m e s  the fo rm [2] 

0" + P (C1 --  Cs)(I)0' @ P (C4 -- C6)DO' = O. (2.6) 
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By making use of (2.5) we may rep resen t  (2.6) by quadra tures  

0(~) = t - - ~ ( ~ ) / ~ ( ~ ) ,  

= {- + (2 
0 o o 

The solu t ions  for  the var iab les  T .  cor responding  to the ways 1-4 of r epresen t ing  the functions U, V, 
and g have the following f o r m  f r o m  (2.4) (the conditions f rom Cla and Cla are  neglected), 

T .  = t erxz s (first), (2.8) 

T .  = txrz  s (second), (2.9) 

T .  = tx~e ~ (third), (2.10) 

T ,  - -  terse sz (fourth), (2.11) 

(t ,  r ,  s ~ c o n s t ) .  

3. Acceptable "Se l f - s imi la r "  Boundary Laye r s .  Motion in th ree -d imens iona l  boundary l aye r s  with 
external  ve loci ty  components  U and V and a p a r a m e t e r  m of the type of (1.23)-(1.26) a re  descr ibed  by the 
differential  equations (1.19) and (1.20). In this case  the functions U, V, and m should sat isfy  E u l e r ' s  
equations (1.7) and (1.8). They should be such that p r e s s u r e  p is uniquely specified f r o m  (1.7) and (1.8). 

As in o rd ina ry  hydrodynamics  [3] this fact r e s t r i c t s  the choice of constants  a, b, c, Cll, l ,  and n, 
and in doing so cons iderably  reduces  the number  of acceptable  ways of specifying the functions U, V; and 
m so that the motion in the boundary l aye r  will be s e l f - s imi l a r .  

We give a l is t  of acceptable functions U (x, z), V (x, z) and m (x, z). for  which motion in the boundary  
l aye r  is s e l f - s i m i l a r  and which also sat isfy  E u l e r ' s  equations (1.7) and (1.8); express ions  for  P = - p  (x, z ) / p  

cor responding  to each pa r t i cu la r  case  (for b rev i ty  we set  d=c/C 7) a re  given in paren theses  on the following 
l ines:  

U ~ axnz-(n+d)~ V :~ a x n - l z  1-(n+d), in ~:  a d x n - l z  -(n+d) 

(P = const) ; 
U : a x  n, l T : b x  t-n, m = a d x  n-i  

(/) ::: aS --5~n+dx2n -f- a b ( l  - -  n + d) z + const); 

U =:- a x  n, V = b x  -d, m = a d x  n-1 

( p  a2 n + d x2n ~ + 

U - -  ax ,  V --- bz,  m :  ad  

( P =  2 1 + d a  ~ x  + ~ b(b+ad)2 z2+c~ : 

U = a x  n, V = a [ l - - ( n + d ) ] x n - l z ,  m = a d x  n-I 
( p - ~ a ~ n + d  ) 

x ~n + const ; 

a t + d zn dzn_ i U = a x z  € V : ~ , m = a 

( p _ _ a S  (n+d) ( t+d)2n  (1 -- n)2 z2n + c~ ; 

U = = a e  nx, V = - - a ( n + d )  e~z~'z, m = a d e  nx 

( P = a 2 n + d ~ + r 1 7 6  ; -  2n - 

U = ae ~ ,  V = be - '~ ,  m ~ a de '~x 
p = _o n + d  

e 2 ~  + a ( a d e  ~= - -  bn)  z + const/ it" 

U == ae nx, V = be "ax, m = a d e  nx 

p = aS n + d 2 ~  (e ~ e -a~) z e -]- abde  ~x - -  + const). 

(3.1) 

(3.2) 

(3.3) 

(3.4) 

(3.5) 

(3.6) 

(3.7) 

(3 .s) 

(3.9) 
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This l i s t  does not include the veloci ty d i s t r ibu t ions  when U or  V are  ident ica l ly  equal to zero.  S imi-  
l a r  exp re s s ions  to those above may  be wr i t t en  down for the ve loc i t ies  when independent  va r i ab l e s  are  i n t e r -  
changed s y m m e t r i c a l l y .  It should be r e m a r k e d  that this l i s t  contains  t h r e e - d i m e n s i o n a l  boundary  l aye r s  
(3 .7)-(3.9)  which have ce r t a in  defini te  (non-zero)  values  of U and V in the ini t ia l  c r o s s - s e c t i o n .  

These  e s sen t i a l l y  r equ i r e  the p rob lem of cont inuing a boundary  l aye r  f rom one reg ion  to another  to 
be formula ted  and solved.  These cases  a re  not cons idered  below. 

4. P r o p e r t i e s  of T h r e e - D i m e n s i o n a l  nSe l f -S imi la r"  Boundary La ye r s .  We shall  outl ine br ie f ly  the 
e s sen t i a l  f ea tu res  of t h r e e - d i m e n s i o n a l  motions desc r ibed  by the funct ions (3.1)-(3.6)  

1% U = a  "~ ,  V = a ;  ~ ? ,  " ~ =  ad(x--)  n i--" (4.1.1) 
\ z }  x z  d 

Both p r e s s u r e  grad ien ts  a re  zero ( d p / d •  the p r e s s u r e  is  constant  on the whole surface  
over  which the flow is taking place .  

The s t r e a m  l ines  in the ex te rna l  flow are  s t ra igh t  l ines  pass ing  through the coordinate  or ig in  jus t  as 
in o r d i n a r y  hydrodynamics  [3]. 

The d i f fe rent ia l  equat ions (1.19) and (1.20) a s s u m e  the fo rm 

(I) '" ~- 1/. (n -~ 2) (P(I)" ~- ]/~ (2 - -  n - -  d) D(I)"  - -  n(I) '~ -[- (n -~ d)D'(P'  - -  dog" ~ O, 

D ' "  .~- 1/2 (n ~, I)(I.)D" -~- 1/~ (2 - - n  - -  d)DD'" -!~ (n -t- d - - l ) D ' e - - ( n  - -  i)D'(1)' - -  dD'  ~- O. 

(4.1.2) 
(4.1.3) 

If we set �9 b?)=D (7) then the sys t em of equat ions (4.1.2)  and (4.1.3)  is sa t is f ied jus t  as in o rd ina ry  
hydrodynamics  [3]. We have f rom (4.1.2)  and (4.1.3) 

0 ' "  + V2 q)o9,, + dO' (qo, -- i) = O. 

Making the change of v a r i a b l e s  

we have the equat ion 

with the boundary  condit ions 

(4.1.4) 

= V ~ ,  dl = % 4 (4.1.5)  

+ " ' + + + " §  i) = o (4.1.6) 

~ = ( p ' = 0  for ~ = 0 ,  qD'-~ifor ~ - , ~ .  (4.1.7) 

When dl=0 Eq. (4 .1 .6)  with the boundary  condit ions (4.1.7)  de sc r i be s  the p rob lem of longi tudinal  
flow over  a p la te ;  this  was solved by Blas ius .  

When dl<< 1 we may a s s u m e  a solut ion of the fo rm 

= % + d1% § d~lq% § ..., 

~o"' ,~%%" = O, 

~PI" § %%" + %"~i -I- %' (%' -- i) = O, 

(])0 = qD1 = q)2 : " " =  {~'0 = ~)'1 : (~'2 ~ " " :  0 f o r  ~ = O, 

(4.1.8) 

(4.1 ~ 

(4.1.10) 

which gives 

with the boundary  condit ions 
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The  f i r s t  e q u a t i o n  of ( 4 . 1 . 9 )  i s  n o n - l i n e a r .  
( 4 . 1 . 1 0 ) .  The  f o l l o w i n g  e q u a t i o n s  a r e  l i n e a r :  

2 ~ U ~ a x  n ,  

The  s t r e a m  l i n e s  of  the  e x t e r n a l  f low a r e  : 
e i t h e r  a f a m i l y  of p a r a b o l a s  (when n ;~ 1) 

b x2 (i-n) § cons t ,  
z - -  2a (l - -  n) 

f o r m  

It was  s o l v e d  by  B l a s i u s  wi th  the  b o u n d a r y  cond i t i ons  

V = b x  n - l ,  ~ ~ a d x  n - 1 .  
(4 .2 .1 )  

o r  a f a m i l y  of l o g a r i t h m i c  l i n e s  (for  n = l )  

z ~ b / a  h i  x § const ,  

T h i s  c o r r e s p o n d s  e x a c t l y  to o r d i n a r y  h y d r o d y n a m i c s  [2]. 

( 4 . 2 . 2 )  

(4 .2 .3 )  

In the  c a s e  u n d e r  c o n s i d e r a t i o n  e q u a t i o n s  (1.19) and (1.20) d e s c r i b i n g  the  b o u n d a r y  l a y e r  a s s u m e  the  

r  + ~/~ (n § l) r 1 6 2  -- n (m '* -- l) --  d ( r  -- t) = 0, 
D ' "  § ~/2 (n + t)(I)D" § (n --t)((I)'D -- t) --  d (D' -- t) = 0. 

If we i n t r o d u c e  the  f u n c t i o n s  

0(~1) :l/2/(n§ 9(~), 

then  (4.2o 4) and (4 .2 .5 )  r e d u c e  to the  f o r m  

O 01) = V 2 / (~ + 1) q(~), n = V ~ ,  

( 4 . 2 . 4 )  

( 4 . 2 .5 )  

(4 .2 .6 )  

. . . .  t- 9 9" = ~1 (9 '~ - i) + ~ (9' - i), 
g ' " - ~ ( p g " =  2 ( i - - ~ )  ( 9 ' g ' - - t )  §  t ) .  

The f o l l o w i n g  s u b s t i t u t i o n s  w e r e  m a d e  in Eq.  ( 4 . 2 . 7 )  and ( 4 . 2 . 8 ) :  

�9 2n 2d 
~l = n--%- V , ~2 n + l  

The  b o u n d a r y  cond i t i ons  h a v e  the  f o r m  

(4 .2 .7 )  

(4 .2 .8 )  

(4 .2 .9 )  

( p = ~ ' = g = g ' = 0  for ~ = 0 ,  9'--*1, g ' ~ l  as ~ o o .  (4 .2 .10 )  

E q u a t i o n  (4 .2 .7 )  m a y  be  s o l v e d  i ndependen t l y  of ( 4 . 2 . 8 ) .  When f~2=0 Eq.  ( 4 . 2 . 7 )  wi th  the  b o u n d a r y  
cond i t i ons  (4 .2 .  ] 0) i s  the  F o k n e r - S k e n  equa t ion ,  wh i l e  (4 .2 .8 )  wi th  t he  s u b s t i t u t i o n  g '  Q) =f (4) was  t r e a t e d  
by B o g d a n o v a  [5]. We note  tha t  Eq .  (4 .2 .8 )  i s  l i n e a r  wi th  r e s p e c t  to t he  func t i on  g Q ) .  When fil and fiz 

a r e  s m a l l  we m a y  expand  the  func t ion  ~ in the  f o r m  of a s e r i e s  

(P = % § ~ 1  § ~2q~12 + ~21+ II~2~2 § ~ 9 2 3  -4- . . .  ( 4 . 2 . 1 1 )  

T h e n  f r o m  Eq.  (4 .2 .7 )  we  have  the  f o l l o w i n g  in f in i t e  s y s t e m  of e q u a t i o n s  

% " "  ~ %%"  = O, 

(~ii" § q)oq)n " "~ (Pii~O" = (P'ZO -- i, 

912"§ %r § cp~q~o" = %' --  l, (4 .2 .12 )  
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with  the  b o u n d a r y  c o n d i t i o n s  

% = (Pil = cPi2 = . . .= %' = %( = (Pl~' = . . .= 0 for l = O, 
% ' ~ t , "  %~ ' -~0( i ,  [ ~ 1 )  for ~ o o .  (4o2.13) 

The  f i r s t  e q u a t i o n  (4 .2 .12 )  is  the  B l a s i u s  e q u a t i o n  f o r  f low a r o u n d  a f l a t  p l a t e ,  wh i l e  a l l  the  r e m a i n i n g  
e q u a t i o n s  a r e  l i n e a r .  They  m a y  be  s o l v e d  by any of the  s t a n d a r d  m e t h o d s  on a d ig i t a l  c o m p u t e r .  

E q u a t i o n s  (4 .2 .8 )  and the  func t ion  g(~) m a y  be  dea l t  wi th  in the  s a m e  w a y ;  as  a d i f f e r e n c e ,  a l l  the  

r e s u l t i n g  e q u a t i o n s  a r e  l i n e a r .  

The  f u n c t i o n s  (p ($) and g(~) can,  of c o u r s e ,  be  expanded  only  in the  s e r i e s  f o r m  in fi2, s i n c e  the  
f i r s t  e q u a t i o n s  a r e  the  F o k n e r - S k e n  and B o g d a n o v a  e q u a t i o n s  r e s p e c t i v e l y ,  wh i l e  the  r e m a i n i n g  e q u a t i o n s  

a r e  l i n e a r .  

3 ~ U ~- ax n, V = bz  -~, m ~-- adx ~ . (4.3.1) 

In th i s  c a s e  the  s t r e a m l i n e s  of the  e x t e r n a l  f low a r e  e i t h e r  the  f a m i l y  of p a r a b o l a s  ( n + d  ~ 1) 

b xl-('~+d) + coast ,  ( 4 . 3 . 2 )  Z~a(t__n__d) 

o r  the  f a m i l y  of l o g a r i t h m i c  l i n e s  (with n + d = l )  

z =  (b/a) ln x~-const. (4.3.3) 

In t h i s  p r o b l e m  the  b o u n d a r y - l a y e r  f lu id  f low is  d e s c r i b e d  by the  s y s t e m  

~,,,  § 1/~ (n I- t) �9 ~)" - n (c) '~ - t) - d (~ '  --  1) = 0, 
D ' "  ~- 1/2 (n -~ I)r -~ d (D'(P'  ~ D ' )  = O. 

(4.3.4) 

(4.3.5) 

E q u a t i o n  (4 .3 .4 )  i s  s i m i l a r  to Eq .  (4.2~ w h i l e  Eq .  (4 .3 .5 )  is  l i n e a r  wi th  r e s p e c t  to D. S y s t e m  

(4 .3 .4 )  and ( 4 . 3 . 5 )  m a y  be  s o l v e d  by e x p a n d i n g  ~07) and DO?) in a s e r i e s  of s m a l l  p a r a m e t e r s ~  

4 ~ . U = ax, V = bz, m = ad .  (4.4.1) 

The  s t r e a m  l i n e s  of t he  e x t e r n a l  f low a r e  d e s c r i b e d  by  the  f a m i l y  of p a r a b o l a s  

z = coast x TM. (4.4.2) 

By s i m i l a r i t y  wi th  o r d i n a r y  h y d r o d y n a m i c s  [6] t h i s  f low f o r m  m a y  be  i n t e r p r e t e d  as  the  f low a r o u n d  
the  f r o n t  of a t r i - a x i a l  e l l i p s o i d  in the  p r e s e n c e  of a c o n s t a n t  m a g n e t i c  f i e ld  n o r m a l  to the  s u r f a c e  a round  
which  the  f low is  o c c u r r i n g .  

In th i s  c a s e  Eq .  (1.19) and (1.20) a s s u m e  the  f o r m  

ffp'" -~ �9 ~ "  ~- eD~" -- qb '~ -- d (O' -- 1) -~- t = 0, 
D ' "  ~- s ( D D "  - -  D '2 -~ t) ~- ~D" -- d (D' -- 1) ~ 0 (e ----- b]a). 

(4.4.3) 

(4.4.4) 

A so lu t i on  of ( 4 . 4 . 3 )  and (4 .4 .4 )  m a y  be  sought  in the  f o l l o w i n g  f o r m  f o r  a t r i - a x i a l  e l l i p s o i d  wi th  
b<<a  and d << 1 

D = Do -~ sDil -}- dDi2 -~ e2D2i -}- edD~  ~- d2D2a ~- . . . .  

(4.4 ~ 
(4.4.6) 
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It t h e n  f o l l o w s  f r o m  (4 .4~ 3) and  ( 4 . 4 . 4 )  t h a t :  

~o" -~ ~o~o" - -  ago '2 + i = 0, 
a~11" + (% +,Do) 0~lX" -- 2~o'~11' + r = 0, 

(2~o' t) qbl~' ~- r -5 i = 0 ; 
D o "  + $ o D o "  = 0 

D n  '~r -t- 0~D1~." -{- Do" @1~ + D~Do" - -  D~ '~ + I ~ O, 
D~e" ? ~ o D I ~ " - - D  O + 1 =  0; 

(4.4.7)  

( 4 . 4 . 8 )  

(I) 0 = (I}ll = (I)1~ = . . .= (l)0 t = (I)11' = (I)l~ t = . . .= 
Do ~ D n  ~ DI~ = . . .~  Do' = D n ' =  D12' ~ . . . :  0 

q~ 'o ' -> i ,  D O ' - - ~ l ,  (Pi~' ~ 0 ,  D ' i s - . * O  ( i , / ~ l )  as 
for TI~O, 

,1 ~ ~o. ( 4 . 4 . 9 )  

T h e  f i r s t  e q u a t i o n  of s y s t e m  ( 4 . 4 . 7 )  w i t h  t h e  b o u n d a r y  c o n d i t i o n s  ( 4 . 4 . 9 )  i s  a F o k n e r - S k e n  e q u a t i o n  

w i t h  fi1=1 and  f12=0 in  ( 4 . 2 . 7 ) .  It c a n  b e  s o l v e d  a s  in  [7] f o r  e x a m p l e .  The  r e m a i n i n g  e q u a t i o n s  of ( 4 . 4 . 7 )  
and  a l l  of (4 .4 .8 )  a r e  l i n e a r .  

5 ~ U = a x  n, V : a ( l - - n - - d )  x n " t z '  m ~ a d x  n-1.  (4.5.1) 

T h e  s t r e a m  l i n e s  of t h e  e x t e r n a l  f low f o r  n + d >  1 a r e  t h e  f a m i l y  of h y p e r b o l a s  

const ( 4 . 5 . 2 )  
g - -  X ] _ - n - - - d "  

If n + d <  1, t h e  s t r e a m  l i n e s  of t h e  e x t e r n a l  f low a r e  t he  f a m i l y  of p a r a b o l a s  

x =  const z T M  . (4.5.3) 

T h e  b o u n d a r y  l a y e r  in  t h e  c a s e  u n d e r  c o n s i d e r a t i o n  i s  d e s c r i b e d  b y  t h e  s y s t e m  

~P'" q- ~/~ (n q- t ) ~ "  + (t - -  n - -  d ) D ~ ' "  - -  n (cI),~--l) -- d ( r  --  l) = 0, 
D " '  q- 1/~ (n Jr  t )qPD" -]- (n q- d - -  1) (D "~ - -  D D " )  4- (n - -  t)~P'D' = 0. 

(4.5.4) 
(4.5.5) 

By m a k i n g  t h e  s u b s t i t u t i o n  ( 4 . 2 . 6 )  we  m a y  r e d u c e  ( 4 . 5 . 4 )  and  ( 4 . 5 . 5 )  to  t h e  f o r m  

~ ' "  +tptp" + (2--2[~1 -- [5e)gq~" --  [31 (r _ t) --  ~ (~' --  1) = 0, 
~"' + ~g" + (2~1 + ~ - 2) (g" - W ' )  - 2 (1 - ~1)~'~' = 0, 

q ) = g ~ e p ' ~ g ' = O  for ~ = 0 ,  q~' --+ 1, g' ~ I for ~ --* co. 

(4.5.6) 
(4.5.7) 
(4.5 .S) 

T h e  s y m b o l s  fll a n d / 3  z h a v e  t h e  s a m e  m e a n i n g  a s  b e f o r e  [ s e e  ( 4 . 2 . 8 ) ] .  

T h e  s y s t e m  of ( 4 . 5 . 6 )  and  ( 4 . 5 . 7 )  w a s  s o l v e d  n u m e r i c a l l y  by  K a r y a k i n  [3] f o r  ~2 =0.  H e r e  we m a y  

a l s o  a p p l y  t h e  m e t h o d  of e x p a n d i n g  t h e  r e q u i r e d  f u n c t i o n s  ~(~)  and  g ( ~ ) i n  a s e r i e s  i n ~  2 and  s u b s e q u e n t l y  

u s i n g  t h e  r e s u l t s  of  [3], o r  of e x p a n d i n g  in a s e r i e s  of ~1 and/32.  

6 ~ U = a x z  n - l ,  V = a t .:}-d z n, m = a d z  w ' l  . ( 4 . 6 . 1 )  

T h i s  c a s e  ( 4 . 6 . 1 )  f o l l o w s  a s i m i l a r  c a s e  o b t a i n e d  f r o m  ( 4 . 5 . 1 )  w h e n  x and  z a r e  e x c h a n g e d  s y m m e t r i c a l l y .  
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